Abstract The present study investigates the peristaltic flow of couple stress fluid in a non-uniform rectangular duct with compliant walls. Mathematical modeling is based upon the laws of mass and linear momentum. Analytic solutions are carried out by the eigen function expansion method under long-wavelength and low-Reynolds number approximations. The features of the flow characteristics are analyzed by plotting the graphs of various values of physical parameters of interest. Trapping bolus scheme is also presented through streamlines.
Introduction
Non-Newtonian fluids are of great interest to researchers because of their practical importance in bio engineering, physiology and industry. [1−11] The couple stress fluid is a special case of non-Newtonian fluid, which is intended to take into account the particle size effects. The study of a couple stress fluid is very useful to understand the various physical problems, because it possesses the mechanism to describe rheologically complex fluids such as liquid crystals, colloidal fluids, liquids containing longchain molecules as polymeric suspensions, animal and human blood and lubrication etc.
Moreover, peristaltic pumping is a form of fluid transport that occurs when a progressive wave of area contraction/expansion propagates along the length of distensible duct. Peristalsis is an inherent property of many biological systems having smooth muscle tubes which transports biofluids by its propulsive movements, for instance, intrauterine fluid motion, transport of urine from kidney to the bladder, vasomotion of the small blood vessels such as arterioles, venules and capillaries, transport of spermatozoa in the ductus efferentes of the male reproductive tract and in many other glandular ducts. The mechanism of peristaltic transport has also been exploited for industrial applications such as blood pumps in heart lung machine and transport of corrosive fluids where contact of fluid with machinery parts is prohibited. A vast amount of literature is now available on peristaltic viscous fluids under the assumptions of long wavelength, small wave number low Reynolds number and small amplitude ratio etc. [12−16] Most of the theoretical investigations have been carried out by assuming that blood behave like nonNewtonian fluids. This approach provides enough understanding when peristaltic mechanism is involved in a small blood vessels, lymphatic vessels, intestine, ductus efferentes of the male reproductive tract and in transport of spermatozoa in cervical canal. [17−20] Furthermore, the constitutive equations in couple stress fluid model involving a number of parameters are very complicated and higher order in comparison with the Navier-Stokes equations. [21−22] Consequently, such nonlinear problems offer interesting challenges to the applied mathematicians, physicists, modelers and computer scientists alike. Some relevant studies on couple stress fluids and on compliant walls can be found from the list of Refs. [23] [24] [25] [26] [27] [28] .
Literature survey witnesses that the information on the peristalsis flow of couple stress fluid in a channel with compliant walls is scant. Therefore the main goal here is to propose the study of peristaltic flow of couple stress fluid in a non-uniform rectangular duct with compliant walls. The obtained expressions are utilized to discuss the influence of various emerging parameters. The stream lines have also been presented. To the best of authors' knowledge no such study has been investigated before on peristaltic flow of couple stress fluid in a non-uniform rectangular duct having compliant walls. To the best of our knowledge the title problem is not studied before. This paper runs as follows:
After the introduction in Sec. 1, formulation of the problem is given in Sec. 2. In Sec. 3, we apply eigen function expansion method under the consideration of long wavelength and low Reynolds number in order to obtain the exact solution. Finally, Sec. 4 is devoted to results and discussion.
Formulation of the Problem
Based on the Stokes [29] theory, when the body forces and body couples are neglected, the continuity equation of an incompressible couple stress fluid is given by
and the conservation of linear momentum is reduced to
where V is the velocity vector, p is pressure, ρ is density, d/dt is time material derivative, µ is the classical viscosity and η is a new material parameter responsible for couple stress property. Consider the flow of an incompressible couple stress fluid in a non-uniform duct of rectangular cross section having width 2d and height 2a+kx. We have chosen Cartesian coordinate system such that x-axis is taken along the axial direction, y-axis is taken along the lateral direction and z-axis is taken along the vertical direction of the rectangular duct (see Fig. 1 ). The walls of the duct are assumed to be flexible and are taken as compliant, on which waves with small amplitude and long wave length are considered. The peristaltic waves on the walls are represented as
where a is the height of duct, b is the amplitude of the wave, λ is the wavelength, c is the velocity of the propagation, t is the time and x is the direction of wave propagation. The walls parallel to xz-plane are not distracted and are not subject to any peristaltic wave motion. In view of velocity filed V [u, 0, w] the projection of Eqs. (1) and (2) on the coordinate system (x, y, z), as shown in Fig. 1 , can be reduced to the following form
Using the following non-dimensional quantities
the resulting Eqs. (4) to (7) after dropping the bars can be written as ∂u ∂x
Reδ ∂u ∂t 
Under the assumption of long wave length δ ≤ 1 and low Reynolds number Re −→ 0, Eqs. (10) to (12) 
u(x, y, z, t) = −1 and
where η 0 (x, t) = φ sin 2π(x − t), 0 ≤ φ ≤ 1. The governing equation for the flexible wall may be specified as
where L is an operator, which is used to represent the motion of stretched membrane with viscosity damping forces such that
In the above equation, m is mass per unit area, D is coefficient of the viscosity damping membrane, B is flexural rigidity of the plate, T is elastic tension in the membrane, K is spring stiffness and p 0 is pressure on outside surface of the wall due to tension in muscle, which is assumed to be zero here. Using Eqs. (16) and (17) with the continuity of stress at z = ±1 ± K * x ± η 0 , we get
in which
/cλµ are the non-dimensional elasticity parameters.
Solution of the Problem
The solution of the non-homogenous partial differential equation given in Eq. (19) can be obtained by using the following transformation u(x, y, z, t) = v 1 (x, y, z, t) + w 1 (y) .
Using the above transformation in Eqs. (13) to (15), we get
along with the corresponding boundary conditions v 1 (x, y, ±h(x), t) = −1 − w 1 (y) and
∂z 2 (x, y, ±h(x), t) = 0 , v 1 (±1, y, z, t) = 0 and
The exact solutions of Eqs. (21) and (22) along with the corresponding boundary conditions (23) and (24) by means of eigen function expansion method are obtained as
In view of Eqs. (25) and (26) . The solution of Eq. (13) satisfying boundary conditions (14) and (15) can be written as
where β = 0, 1 and γ = 0, ∞.
Results and Discussion
In this section graphical results are being discussed to see the effects of various emerging parameters and trapping phenomena for different pertinent parameters. For this purpose Figs. 2-4 are sketched to see the variation in the velocity for both two and three dimensions. In Fig. 2 it is evident that with the increase of E 1 the velocity decreases and the maximum velocity attained in the centre of the channel whereas opposite behavior has been observed in case of E 2 . Figure 3 depicts the velocity profile for various values of E 3 and E 4 . It can be seen that velocity increases with the increase of E 3 while his attitude remains same when E 4 increases. It can be noticed from Fig. 4 that velocity increases with the increment of E 5 . It is also observed that by increasing the couple stress parameter γ, the velocity field increases. This due fact that the elasticity of the walls there is less resistance to the flow and so that the velocity field increases.
The phenomenon of trapping is another interesting topic in peristaltic transport. The formation of an internally circulating bolus of the fluid by closed stream lines is called trapping and this trapped bolus pushed ahead long the peristaltic wave. Generally, in the wave frame stream lines have contours that are identical to immobile walls. It is originated due to internally circulating bolus in a fluid enclosed by stream lines. Some stream lines are dividing under certain conditions due to the sustenance of stagnation point. The formulation of this internal circulating bolus of the fluid encloses by stream lines is known as trapping and this trapped bolus pushed ahead along the peristaltic wave.
The size of bolus is measured by the volume of the fluid which is surrounded by closed stream lines. The variation in heat transfer coefficient z(x) for various values of emerging parameters γ, E 1, E 2, E 3 , E 4 , and E 5 are analyzed in Figs. 5 to 8. The stream lines for various values of couple stress parameter γ are shown in Fig. 5 . It can be noticed that trapped bolus decreases by increasing the couple stress parameter γ while the bolus reduces in numbers. From  Fig. 6 , it reveals that with the increase of wall tension E 1 the size of bolus and trapped bolus increases. With the rise of mass characterizing parameter E 2 the size of bolus gradually increases in Fig. 7 . Figure 8 depicts that when damping nature of the wall E 3 increases then the trapping bolus decreases. The size of bolus increases in the region x ∈ [0, 0.5] while opposite behavior is observed in the region x ∈ [0.5, 1]. It is found that the nature of heat transfer coefficient is oscillatory. This is expected due to propagation of sinusoidal waves. The key learning of the presented analysis is that the peristaltic pumping is applicable in colloidal fluids, crystals liquids and biological fluids. The motion of differential Newtonian and non-Newtonian biological fluids in physiological system can easily be examined thoroughly to solve the different diagnostic problems that generated in living body. It is also useful for transport of slurries, sensitive or corrosive fluids, sanitary fluid, and noxious fluids in the nuclear industry. 
